In this paper, we present the best possible parameters α, β ∈ R and λ, μ ∈ (1/2, 1) such that the double inequalities (a, b) and N QA (a, b) are the Toader, arithmetic, quadratic, and Neuman means of a and b, respectively.
Introduction
It is well known that M p (a, b) is continuous and strictly increasing with respect to p ∈ R for fixed a, b >  with a = b.
Vuorinen [] 
Chu et al. [] proved that the inequality 
where cosh - (x) = log(x + √ x  -) is the inverse hyperbolic cosine function. It is well known that the Schwab-Borchardt mean SB(a, b) is strictly increasing in both a and b, nonsymmetric and homogeneous of degree . Many symmetric bivariate means are special cases of the Schwab-Borchardt mean. For example,
is the logarithmic mean, where 
and proved that the double inequality
Then it is not difficult to verify that f (x) is continuous and strictly increasing on [/, ]. Note that
Motivated by inequalities (.) and (.), it is natural to ask: what are the best possible parameters α, β ∈ R and λ, μ ∈ (/, ) such that the double inequalities
The main purpose of this paper is to answer this question.
Lemmas
In order to prove our main results we need several lemmas, which we present in this section.
For r ∈ (, ) the complete elliptic integrals K(r) and E(r) of the first and second kinds are defined by
respectively. We clearly see that
and the Toader mean T * (a, b) given by (.) can be expressed as
K(r) and E(r) satisfy the formulas (see [] , Appendix E, p.,)
.
is strictly monotone, then the monotonicity in the conclusion is also strict.
and simple computations lead to
It follows from Lemma .(), (.), and (.) that f  (r)/f  (r) is strictly increasing on (, ) and
Therefore, Lemma . follows from Lemma ., (.), (.), (.), and the monotonicity of f  (r)/f  (r).
Lemma . Let p ∈ (, ), r ∈ (, ) and
Then the following statements are true:
and f (r) >  for r ∈ (r  , ).
Proof For part (), if p = /, then (.) becomes
and Lemma .() and Lemma . lead to
, then it follows from Lemma .(), Lemma ., and (.) that
and f (r) is strictly increasing on (, ). Therefore, part () follows from (.) and (.) together with the monotonicity of f (r). 
Main results

Theorem . The double inequality
It follows from (.), Lemma .(), and (.) that
where
where f (r) is defined as in Lemma .. We divide the proof into two cases. Case  p = /. Then Lemma .() and (.) lead to the conclusion that F(r) is strictly increasing on (, ). Therefore,
follows from (.) and (.) together with the monotonicity of F(r).
and Lemma .() and (.) imply that there exists r  ∈ (, ) such that F(r) is strictly decreasing on (, r  ] and strictly increasing on [r  , ). Therefore,
follows from (.), (.), (.), and the piecewise monotonicity of F(r). Next, we prove that α = / and β = ( -π)/[π(π -)] are the best possible parameters such that the double inequality (.) holds for all a, b >  with a = b. It is not difficult to verify that
If α > /, then (.) and (.) imply that there exists  < δ  <  such that
, then (.) and (.) imply that there exists  < δ  <  such that 
Theorem . Let λ, μ ∈ (/, ). Then the double inequality
Then (.) and Lemma . lead to
We divide the proof into two cases. 
for r ∈ (, ). Therefore, 
It follows from (.), (.), and (.) together with the monotonicity of g  (r) that there exists r * ∈ (, ) such that g(r) is strictly decreasing on (, r * ] and strictly increasing on [r * , ). Therefore, 
